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A new type of nonlocal currents (quasi-particles), which we call twisted parafermions, and its 
corresponding twisted Z-algebra are found. The system consists of one spin-1 bosonic field and six 
nonlocal fields of fractional spins. Jacobi-type identities for the twisted parafermions are derived, and 
a new conformal field theory is constructed from these currents. As an application, a parafermionic 
representation of the twisted affine current algebra A2 is given. 
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o : 

■ The introduction of the Zk parafermions [Q in the context of statistical models and conformal field theory is 
] perhaps one of the most significant conceptual advances in modern theoretical physics. From field theory point of view, 
•■ parafermions generalize the Majorano fermions and have found important applications in superstring theory 
^ I fractional supersymmetry and fractional superstring T-duality Q and mirror symmetry In a very recent 

work by Maldacena, Moore and Seiberg, _D-branes were constructed with the help of the Zk parafermions From 
^ statistical physics point of view, parafermions are related to the exclusion statistics introduced by Haldane In 
particular, the Zk parafermion models offer various extensions of the Ising model which corresponds to the k — 2 
' case jl). Other examples include the 3-state Potts model (fc = 3) [Pjic[| and the Ashkin- Teller model (fc = 4) 



X 



(y-j . Parafermions also have applications in Quantum Hall Effects |12|, Bosc-Einstein Condensates [g_3[ and Quantum 

[ Computations Q. 

. The category for parafermions (nonlocal operators) is the generalized vertex operator algebra |l^Jl^. The Zk 

I parafermion algebra was referred to as Z-algebra in |l5| , [l^ , and the Zk parafermions are canonically modified Z- 

I ' algebras acting on certain quotient spaces A^^^-modules defined by the action of an infinite cyclic group. It was 

■ proved that the Z-algebra is identical with the A^^"* parafermion. The Zk parafermion characters and their singular 

(— I [ vectors were studied in . 

I The imoprtance of parafermions inspired many researchers to study various extensions of the Zk parafermions which 

Qh! are basically related to the simplest A^^'' algebra. Gepner proposed a parafermion algebra associated with any given 

^ ' untwisted affine Lie algebra C/*^^^ [18 1£], which has been subsequently used in the study of D-branes. The operator 



product expansions (OPEs) and the corresponding Z-algebra of the untwisted parafermions were studied in |20| , pi[] . 

In this paper, we find a new type of nonlocal currents (quasi-particles), which will be referred to as twisted 
parafermions. The system contains a bosonic spin-1 field and six nonlocal fields with fractional spins. Some of the 
5^ fields are in the Ramond sector and some are in the Neveu-Schwarz (NS) sector. They correspond to a new type of 
qusi-particles or generalized Majorana fermions. We derive the corresponding twisted Z-algebra and the Jacobi-type 
identities for the twisted parafermion currents. From the twisted parafermions, we construct a new conformal field 

theory which is different from the known ones. As an application, we obtain a parafermionic representation of the 

(2) 

twisted affine current algebra A2 , which we expect to have application in the description of the entropy of the Ads^ 
balck hole ||. 

It is well-known that Euclidian correlation functions are defined only if operators in the correlators are time- 
ordered |p3|| . In the radial picture, \z\ > \w\ means that z is later than w. In the Euclidian functional integral 
definition of correlation functions, the time ordering is automatic. So, in Euclidian field theory the operator products 
A{z)B{w) are only defined for \z\ > \w\. Therefore the radial ordering is implied throughout this paper. 

Now we propose the twisted parafermion current algebra: 

Mz)^i'iw){z - wfl-"^^ + -^iji+.iw) + • • • , 

[z — Ul)^ z ^ w 
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(2 — W) Z — W 



where Z, /' = ±1 and I, V = 0, ±1,±2; £; and p are structure constants. If wc denote i/j; or il^i by then 
we can rewrite the above relations as: 

00 

^a{z)^b{w){z - WT'/^'^ = E - wTi'^a^A-n, (2) 

n=-2 

where a,b = 0,±l,±i,±2. So we have [*a*h]/ = (Z > 3), [*a*fc]2 = ^a+b.o and [*a*t]i = ea,h*a+b. For 
consistency, ea,fc must have the properties: ea,b = —£b,a = —£-a,-b = £-a,a+b and ea,~a = 0. Due to the mutually 
semilocal property between two parafermions, the radial ordering products are multivalued functions. So we define 
the radial ordering product of (generating) twisted parafermions (TPFs) as 

^aiz)^b{w)iz ~ wr"/^'' = ^bH'fa{z){w - z)-"^''^ , (3) 

which, like the untwisted case, is an extension of the fermion (i.e. ab = 1, k — 1) and boson (i.e. k — > oo) theories. 

For every field in the parafermion theory there are a pair of charges (A, A), which take values in the weight lattice. 
We denote such a field by (j>^ ^(z, z) UMM- The OPE of with (f>^ i{z, z) is given by 



rn— — oo 



where m d Z (Ramond sector) for a — I and m G Z + ^ (Neveu-Schwarz sector) for a — I. The action of ^$54'^ 
4'x x{z) is defined by the integration 



K]^^x,xi^, w) = dz (z - wr+''^/^''^a{z)cl)xM^, w), (5) 
where Cw is a contour around w. Consider the difference of integrals 

^ ^ du dz'^a{u)-^b{z)(t>x,-xi^,w)iu- z)-P-'+'''/^'' 

along two contours satisfying |m — > |z — wj and |u — < |z — it;|, respectively. The difference of the two contour 
integrals can be expressed as a two-fold integration of a w-contour enclosing z once followed by a z-contour enclosing w 
once. Properly carrying out the Taylor expansion of (u — z)^, we then obtain the so-called twisted Z-algebra relations, 

oo 

E/-<(0 Aa,X+b Ab,X ( ^T^P A^'-^^'^ 4a. 

^-p-l+afc/2fc [-^m-l-p+q^n+l+p-q ( ^) 

1=0 

~ ^m+q+l+aX/2k"(^-b<'va-n + m+q+l+ab/2k^(^-f>^m+n 
00 

+ X! ^ni+q+l+ab/2k [*Q*6]-r,m+n) (7) 
r=0 

where p = 2q or 2q + 1 and [^'a^'b]-„i,„ is defined by 

['^a^b]'-m,n^X,xi^,w) = i (z - U;)"+"+l+('^+'')^/2^ [v?,*,] (z)0^_^ (u;, «;) . (8) 



Let Aa and Bb be two arbitrary functions of the twisted parafermions with charges a and 6, respectively. These 
fields are local (a or 6 = 0) or semilocal (a and 6 7^ 0). The OPEs can be written as 
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Aaiz)Bi,iw)iz-wr'/^'' ^ [AaBh]-niw)iz-wr, (9) 

n=-[hA+hB] 

where [ft,^] stands for the integral part of the dimension of A. Hence we have [AaBb\n{w) — dz Aa{z)B{,{'w){z — 
^•jn-i+ab/2fc_ jg easy to find the foUowing relation between the three-fold radial ordering products 



du f dz R{A{u)R{B{z)Ciw))) 

dz (f du {^Y''/'^^R{B{z)R{A{u)C{w))) 



dz j du R{R{A{u)B{z))C{w)) 

where integers p, q, r are in the regions: — oo < p < [hs + he], -co < q < [he + hji], -co < r < [hji + hg]; 
and a, b, c are parafermionic charges of the fields A, B and C, respectively. The above equation is an extension 
of A{BC) — B{AC) — [A, B]C = 0. Performing the binomial expansion, we obtain the following twisted Jacobi-like 
identities: 

[IlB+hc] [hc+tiA] 

i=p j=q 

= ' E"\-)('"^)c(LTiac/2.[[^S]^^^]Q-K«^)> (11) 
l=r 

where Q = p + q + r - ^ i-yxix-iy..{x-i+i) ^(o) ^ ^^o) ^ ^(i) ^ ^ o, for ? > p > 0. This identity 

will be used extensively for our purpose. Performing analytic continuation one obtains 

lhA+h_ 



t=r 



[BAUw)^ ^ A±_d'-^[ABUw). (12) 



We remark that A, B, C can be any composite operators and we can calculate any coefficient in the OPEs from 
the fundamental equation (|^). 

For the twisted parafermion theory to be a conformal field theory, we require that the spin-2 terms in the 
OPEs contain a energy-momentum tensor. It is obvious that the spin-2 terms in the OPE are [^'a^'blp. Since the 
parafermionic charge for the energy-momentum tensor should be zero, so the relevant terms are [^'a^'-ajQ. Note that 
[^a^^a]o {z) = [^--a^alo (2), wc calculatc the OPE of [fa^-alo with and [*b*_f,]o. Setting Q = p = 2, q = l 
and r = in (|ll|), we have 

[[^-a^-alo^bJa = '5a,f,*a + E a fiS - a ,a+b'^ b + (1 + / 2k)5a,-b'i> -a + ^(1 - (13) 

From the general theory of conformal field theory , the conformal dimension of '^a should be 1 — |^ . So we impose 
the constraints: 

Y.ea^e^a.a+b = ^^., E «^ = Y^^abf ^ I2h\ (14) 

a a a 

One solution to these constraints is given by _2 = i = £-1 2 ~ ^^"^ -i ~ i ~ \f^' Then we have 
[[^'a^-a]o*6]2 = (l ^ 3^) ^6- Choosc & proper normafization and write 

k 



2k + & 



Y.[^a^-aW (15) 
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Then [T^'^th = ^1 ^ ^6- Repeating the above process, we obtain 

[[*Q*_Q]o^'fc]i = ^e-a,bea-a+bd'i'b+ ^Ea.bS-a.a+bd'i'b 

+ (1 + ay2k)5a,bd^a + (1 + ay2k)S^aMd-^_a, (16) 
or equivalently [T^^*;,]! = d'^b- These results can be written in the form of OPEs 

T^{z)^bH = \^^^^bH + -^d^biw) + .... (17) 

It follows that the conformal dimension of the twisted parafermion is 1, 1 — or 1 — i, for a given level k. Carrying 
out a similar program for T, we obtain the OPE: 

T,iz)T,H = j^ + p^+'-^ + ..., (18) 
[z — w)^ [z — w)^ z ~ w 

where ctpf — 7 — = — 1 is the central charge of the twisted parafermion theory. 

One of the applications of the twisted parafermionic currents is that they give a representation of the twisted affine 
current algebra A2 . Introduce eight currents: 

] + {z) = 2%/IVi(z)e^'^''^^\ r{z) = 2%/fcV_i(z)e"^'^''(^\ 

f{z) = 2V2fcz9(/)o(z), J+(z) = 2VfcVi(^)e^"^"^^\ 

J-{z) = 2^/ki,_i{z)e'^'''°'^''\ J++(z) = 2\/A;i/;2(z)e*v^"^°(^), 

J—{z) ^ 2VkiP_~2{z)e-''^'l"'^^\ J°{z) = 2\/6fcVo(^)- 

where (j)^ is an U{1) current obeying 0o(z)(/)o(u)) = —ln{z — w). Then it can be checked that the above currents satisfy 
the OPEs of the twisted affine currents algebra ^42^' [|2^ . 

In summary, we have found a new type of nonlocal currents (quasi-particles) and corresponding twisted Z-algebra. 
We derive the Jacobi-type identities for the twisted parafemion currents. These Jacobi-type identities are expected to 
be useful in proving some of the Ramanujan identites, which play an important role in statistical physics. From the 
twisted parafermions, we construct a new conformal field theory, and give a parafermionic representation of twisted 
current algebra A2 . This representation is expected to be useful in the description of entropy of the Ads^ black hole. 

This work is financially supported by Australian Research Council. One of the authors (Ding) is also supported 
partly by the Natural Science Foundation of China and a grant from the AMSS. 

Note Added: P. Mathieu pointed to us the reference where graded parafermions associated with the osp(l|2)'^^^ 
algebra were studied and fields with conformal dimensions of 1 — ^ and 1 — also appeared. However, our twisted 
parafermion algebra is quite different from the graded parafermion algebra in [ p5[ |. Our theory contains more fields, 
is unitary and has a different central charge. 
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